Abstract-Estimation of effort/cost requirred for devdopmcnt of software products is inherently associated with uncertainty. In this paper, we arc concerned with a fuzzy set-based generalization of the COCOMO model (f-COCOMO). The inputs of the standard COCOMO model include an estimation of project size and an evaluation of other parameters. Rather than using a single number, the software size can bc regarded as a fuzzy set (fuzzy number) yielding the cost estimate also in form of a fuzzy set. The paper includes detailed results with this regard by relating fuzzy sets of project size with the fuzzy set of effort. The analysis is carried out for several commonly encountered classes of membership functions (such as triangnlar and parabolic fuzzy sets). The issue of designer-friendliness of the f-COCOMO model is discussed in detail. Here we emphasize a way of propagation of uncertainty and ensuing visualization of the resulting effort (cost). Furthermore we augment the model by admitting ,software systems to belong partially to the three main cal~gories (namely embedded, semidetached and organic) and discuss key implications of this generalization and highlight its links with a generalized sensitivity analysis. The experimental part of the study illustrates the approach and contrasts it with the standard numeric version of the COCOMO model.
I. INTRODUCTION
It is believed that better understanding of economy of software development would reduce the current difficulties of software production resulting in cost overruns or even project cancellations. This prospect has led to the development of many different models for software cost estimation [1] [2] [3] [4] [10] [13] [15] .
In general, these models arc based on measuring certain size or function related attributes of the software and relating these measurements to the cost or effort necessary for its development. In this paper, we propose to extend cost estimation models by incorporating the concept of fuzziness into the measurements, models, and their parameters. The rationale for such approach stems from the vagueness present in all the data entering cost estimation process: size, function points, development modes, and other metrics and attributes arc matt.or of (informed) guessing rather than exact measurements. In our initial study, we have decided to extend the original COCOMO model [3] . The reasons for our choice arc threefold. First, COCOMO is based on log-linear formula Department of Electrical and Computer Engineering University of Alberta, Edmonton, Alberta, Canada T6G 207, Phone: (780) 492-5368, E-mail: musilek @ ee.ualberta.ca considered the most plausible for software cost modeling [5] . Second, the basic version of COCOMO is simple and, therefore, suitable for illustration we intend to offer. Third, the database used for construction and testing the COCMO model is readily available and allows comparison of results. Furthermore, the ideas presented in this paper arc general enough to be easily extended to other cost estimation models. The standard model we arc interested in, and which forms an initial point of our investigation, assumes the form
and relates effort E (expressed in person-month) with the size of software product K (that is expressed in thousand of delivered source instructions, KDSI). In the simplest version, the COCOMO model distinguishes between three basic development modes: organic (OR(3), semidetached (SD) and embedded (E), cf. [3] . This classification is commonly used throughout the Software Engineering community [3] [11] . For each software project handled in this setting, the resulting cost estimation model comes with some specific values of its parameters a and b. The data.sot of the COCOMO Software Project [3] contains 63 projects of different development modes and different application domains. The ensuing experiments presented in this study will be based on this dataset. To gain a bettor understanding into the nature of the data,set, a histogram of size of the projects is shown in Figure 1 . 
II. SOURCES OF UNCERTAINTY IN THE COST ESTIMATION MODELS
Traditionally, problem of software cost estimation relies on a single (numeric) value of size of given software project to predict the ensuing effort or cost. However, the size of the code is, especially at the beginning of the project, a matter of estimation (e.g., based on some previously completed projects that resemble the current one). Obviously, correctness and precision of such estimates are limited. It is of paramount importance to recognize this situation and come up with a technology using which we can evaluate the associated imprecision residing within the final results of cost estimation. The technology endorsed here deals with fuzzy sets. Using fuzzy sets, size of a software project can be specified by distribution of its possible values. Commouly, this form of distribution is represented in the form of a fuzzy set. For example, a small software project can be described by a fuzzy set K in the form shown in Figure 2 . What becomes apparent here is a continuous character of belongingness (membership) of elements to the given concept (being here a small software project). In this sense, fuzzy sets help alleviate a dichotomy problem (yes-no evaluation) that could be very artificial to grasp using the language of set theory. The grades of membership capture a notion of partial membership of an element to the concept (fuzzy set).
In general, a fuzzy set K is described by its membership function K(x) which expresses the degree of membership of x to the fuzzy set K describing a certain concept (say, small project, high reliability, etc.).
HI. FUZZY NUMBERS
Fuzzy sets defined in R, or fuzzy numbers (FN), can easily represent various concepts with partial membership. The membership grades can be captured through membership functions. There are several basic models of membership functions of fuzzy numbers such as triangular, parabolic, Gaussian, to name the most commonly used. Generally, membership functions may not be symmetric. Quite often this is the case as we may anticipate a certain tendency as to the estimation of the size of the code. From this perspective, ¢iangular and parabolic fuzzy sets are of special interest in our study.
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In the sequel, we will be using a shorthand notation TFN {a, In, 6} that explicitly summarizes the parameters describing this fuzzy number.
1) Parabolic Fuzzy Numbers
Parabolic fuzzy number (PFN) is composed of two parabolic segments of the membership grades delimited by modal and boundary values. 
B. Fuzziness of Fuzzy Numbers
Fuzzy numbers are special fuzzy sets representing uncertain quantitative information. They are convex and normal, usually with single modal value. They are also associated with some vagueness or fuzziness. For the evaluation of the uncertainty of fuzzy quantifies in software cost estimation problem, we use measure of relative fuzziness fdefined as
m where A is a fuzzy number with support [o~ ]3]. The higher the value of KA), the more "uncertain" A is.
C. Fuzzy Arithmetic
Computations involving fuzzy numbers are carried out in the setting of so-called fuzzy arithmetic [6] [12] . It dwells on the extension principle [16] . In a nutshell, given a function (mapping)f such that f. R -> R, the extension principle deals with the generalization of this mapping to the case of arguments being fuzzy numbers that is B =f(A), 
with constraints represented by the mapping f under consideration z =.f(x, y).
(7) The extension principle generalizes to mappings involving any number of the variables.
IV. SIMPLE F-COCOMO MODEL
Let us pose the simplest case of granular COCOMO model considering only size of the project K to be fuzzy while the coefficients a and b are crisp. We will call this model Simple f-COCOMO model. As the input variable (size K) is a fuzzy set (fuzzy number), so is the effort E. The determination of the membership function of effort is based on the extension principle as shown in the previous section. More specifically, we get
where K(x) and E(e) denote membership functions of the size of the code and membership function of the effort, respectively. We rewrite (8) in a different format by eliminating the constraints and moving them directly into the membership function (note that in this problem the constraint is a one-to-one mapping). We get 
A. Simple f-COCOMO Model: Triangular Numbers
For triangular fuzzy numbers, we substitute (2) for K(x) in (9) to get (10). This formula can be used directly for estimation of effort from size of software project described by triangular fuzzy set. The results of TFN based simple f-COCOMO model for a selected software project are summarized in Figure 5 . 
E(e) =
for e ~ [a~b,afl b ]
The obtained formula can bc used directly for estimation of effort from size of software project described by parabolic fuzzy set.
The relationships (10) and (11) quantify the way in which propagation of uncertainty (granularity) occurring at the input of the model is realized. It is important to stress that uncertainty at the input level of the COCOMO model yields uncertainty at the output. This becomes obvious and, more importantly, bears a substantial significance in any practical endeavor. By changing the size of the fuzzy set of size of the code (that reflects a level of designer's confidence as to the estimate), we can easily model how such estimate impacts the effort. Obviously, a certain monotinicity property holds, that is less precise estimates of size give rise to less detailed effort estimates (cf. again Figure 5 ). In addition, different categories of software require the use of different values of coefficients a and b. This also leads to different fuzziness of the estimated effort E. Series of plots in Figure 6 illustrate this effect. It is evident that f-COCOMO model provides estimates of software development effort in terms of possibility distributions described by fuzzy numbers E. Such form of results is more confined when compared to a single numerical value obtained using common COCOMO model. In other words, even if the mean value of the fuzzy estimate E does not correspond to the actual value of development effort EAcr, it may be covered by the estimate as possible with degree E E (0,1). This phenomenon is illustrated in Figure 7 by Table 1 . 
V. A U G M E N T E D F-COCOMO MODEL
An interesting generalization arises when we admit that the software project may concern a system whose membership to one of the three system categories is not obvious. Then we may view this as a fuzzy set and view this as such in the above calculations. For instance, the fuzzy set in Figure 9 concerns the system that is predominantly embedded (with membership degree equal to 0.9) with some far lower membership (0.3) in the category of semidetached software. In this sense, the coefficient a is a fuzzy set with discrete membership function of the form A = [0.9, 0.3, 0}.Similarly, we treat the second parameter b as a discrete fuzz3 set B equal to {0.9, 0. 
E(e)=maxa,ben{mi n[KC(e/a~bl , A(a),B(b)]}(13)
that can be directly used to determine the effort estimate E. As fuzzy numbers A and B are discrete fuzzy sets, it can be further simplified to the form The results of the augmented f-COCOMO model applied to a project with K={8,10,12} and development mode parameters A = B={0.9, 0.3, 0} (el. Figure 10 ) are shown in Figure 11 . 
VI. CONCLUSIONS AND FUTUTRE RESEARCH
In this study, we have introduced an importarLt generalization of the COCOMO software cost estimation model by augmenting by the technology of fuzzy sets. The detailed formulas involving severaL main classes of fuzzy numbers were derived and a set of intensive experiments provided a detailed insight into the conceptuaL and algorithmic essence of this generalization. One should slress that the f-COCOMO model supports an important aspects of the "what -if " analysis [14] . The model admits inputs (say, size of code) that are nonnumeric and therefore more acceptable to the designer and project manager. Fuzzy sets (as opposed to standard interval analysis) create a more flexible, highly versatile development environment. First, they help articulate the est~ates and their essence (e.g., by exploiting fuzzy numbers described by asymmetric membership functions). Second, they generate a feedback as to the resulting uncertainty (granularity) of the results. The decision-maker is no longer left with a single number estimate which could be highly misleading in many cases and lead to the belief as to the relevance of the obtained results. Moreover, by capturing the uncertainty of the initial data (estimates), one can monitor the behavior (quality) of the cost estimates over the course of the software project. This facet adds up a new conceptual dimension to the models of software cost estimation by raising awareness of the decision making with regard to the quality of the initial data needed by the model.
The methodology of fuzzy sets giving rise to the f-COCOMO extension is sufficiently general to be applied to other models of software cost estimation (such as the well-known function point method [13] 
